1. Introduction. Some of the most important G-structures of the first kind (1) are those defined by linear operators satisfying algebraic relations. Let J be a linear operator acting on the complexified space of a differentiable manifold V, and satisfying a relation of the form
has been generalized to the almost product structures in (2) . In the present paper the author extends this treatment to the almost tangent structures.
Certain degenerate riemannian structures subordinate to the almost tangent structures have been studied in (6) under the name of almost euclidean structures. We will see that the "subordinate almost hermitian structures" are non-degenerate riemannian structures.
2. Almost tangent structures. We consider a differentiable 00 manifold V of class C . Let T be the tangent space at 2n x 00 any point x e V . We shall assume that a field of class C 2n of linear operators J is given on V such that at each x 2n point x € V" , J maps T into itself; also we suppose that 2n x x J is of rank n everywhere in V_ and satisfies the relation x 2n
for any x e V , where 0 is the null operator. We then say that V is endowed with an almost tangent structure (4).
Let J(T ) be the image of T under J . It is a vector
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space of dimension n and it coincides with Ker J , the x kernel of the linear operator J . If V is a supplementary space of Ker J with respect to T , we have xx
and as a result J induces an isomorphism of V with x x Ker J . In the sequel we shall write simply J, T, and V x for J , T and V respectively, xx x
Let (e.), i = 1, 2, ... , 2n be a basis of T where l (e ), a = 1, 2, . . . , n is a basis of Ker J and (e ^), , a a a* = a. +n a basis of V. AT-adapted bases
The transformation are of the form:
where A e GL(n, R), B is an (n, n) matrix, and 0 is the (n, n) null matrix.
With respect to the AT-adapted bases the tensor F. , J associated to J, has components given by the matrix
where I is the (n, n) identity matrix. In other words n (2.2)
The set E (V ) of all the AT-adapted bases at the T 2n ^ different points of V has a natural structure as a principal fibre bundle with base space V , structural group G , and projection mapping p: E_(V_ ) -> V_ which assigns to an T 2n 2n AT-adapted basis at x the point x itself.
3. Real almost Hermitian structures. Let us suppose we have defined on V\ a riemannian metric of class 2n 00 C , that is, a real symmetric tensor G = (g..) for which the components in a system of local coordinates (x ) are functions oo i of class C of the (x ) and for which the determinant is everywhere different from 0. DEFINITION 3.1. We will say that G is hermitian with respect to J if
where J is the transpose of the matrix J.
In the above case we shall say that V is endowed with y 2n an almost hermitian structure subordinate to the almost tangent structure.
The hermitian condition (3. 1) can be written in the form 
kl l j
It then follows that for any u, v e T we get
0.
We may then state: COROLLARY 3.1. If G is hermitian with respect to J then the image space J(T) = Ker J is completely isotropic, that is, for any u, v e T we have (3.4) (Ju, Jv) = 0.
According to (3.3) we have for any u € T that (u, Ju) + (Ju, u) = 0 and thus (u, Ju) = 0. This gives us COROLLARY 3.2. If G is hermitian with respect to J then any vector is orthogonal to its transform by J, that is, for any u € T we have (u, Ju) = 0.
In the remainder of the paper we shall assume that G is hermitian with respect to J and shall investigate the resulting subordinate almost hermitian structure.
To obtain an expression for G relative to an AT-adapted basis we note that from (3.4) we get These conditions are equivalent to the condition that
where G, = (g , ) and G^ = (g , , )
. We see from (3. 5) 2 that det G = (det G ) ^ 0 and thus G is regular and so 1 1 is of rank n. Further, since G is symmetric we have
skew-symmetric and G is symmetric.
COROLLARY 3.3. In order that an almost tangent structure admit a subordinate almost hermitian structure it is necessary that V have dimension 4m for some integer m, that is, for some m we have n = 2m.
Proof. This follows immediately since G is an (n, n) skew-symmetric matrix over a field of characteristic different than 2 and is of rank n. THEOREM 3.2. If <\> is symmetric and non-singular on Ker J, then we can always define ijj such that \\j is skew-symmetric and non-singular on T; indeed, it suffices to define \\t(\i,v) = cf>( Ju, v) -c|>(u, Jv).
Proof. The symmetry of <\> implies the skew-symmetry of \\) .
If ijj(u, v) = 0 for every v e T, then 4>( Ju, v) -(j)(u, Jv) = 0 for every v € T. In particular cj>(Ju, v) = 0 for every v e Ker J. Since 4> is non-singular on Ker J, Ju = 0, that is u e Ker J. But then cj)(u, Jv) = 0 for every v € T. Again, since <\> is non-singular on Ker J, u = 0. Thus \\i is non-singular on T. THEOREM 3.3. If § is skew-symmetric and non-singular on Ker J, then we can always define a riemannian structure (> ) 22 ^ which is hermitian with respect to J; indeed, it suffices to define (u, v) = 4>(u, Jv) + cj)(v, Ju).
Proof. Clearly (, ) is symmetric. Also, by an argument similar to the above we can show that (, ) is non-singular. Finally we note that for any u, v e T we have we have F.. +F.. = 0 and the (F..) are components of a real exterior 2-form F which we will call the fundamental form of the almost hermitian structure. We note that this definition means F(u, v) = (Ju, v).
Let the matrix (g ) be the inverse of (g..). Then from (3.6) we obtain F._ F = 0 or îk m of rank n and a riemannian met rie (g .) both of class ^ 00 C and defined on V such that (3.7) is satisfied, one can 2n always define an almost tangent structure and a subordinate almost hermitian structure with hermitian metric (g. .) and fundamental form (F. .). Our question now is whether there exists solutions X and Y satisfying the systems (4.5) and (4.6).
In (4.5) we may regard K as the normal form of the congruence class of skew-symmetric matrices of rank 2m. It then follows that one can always find a regular matrix X satisfying this system (7).
Given a regular matrix X satisfying (4.5) we may write (4. 6) in the form Since G is symmetric then XG X = C is symmetric and (4.8) always admits solutions. Moreover both X and G are t -1 regular so that B is regular and X = (B Z) will be a solution of (4.7). Hence we can always find scalars (x ) i such that (4.2) is satisfied. We thus have proven THEOREM 4.1. If_ (g. .) is a riemannian metric hermitian with respect to J there always exists an AT-adapted basis such that (g .) will have the form (4.1). ij DEFINITION 4.1. We shall say that any AT-adapted basis satisfying the conditions (4.2) is adapted to the almost hermitian structure, or briefly is H-adapted.
Let (e.) be an H-adapted basis and let (6 ) where a(l) = 1, 2, ... , m, a(Z) = ar(l)+m, ar(l)* = ar(l) + n, and a(2)# = cf(2) + n = #(1) + m + n. We then can write 
*(D=i
Also the fundamental form can be written
Suppose now that (e ) and (e.J are both H-adapted i J bases; then (4) (5) (6) (7) (8) (9) g kI1 , = A^AJ.g.. represented by a matrix (w.) whose elements are real valued local Pfaffian forms. In order that the given connection be able to be identified with an H-connection it is necessary and sufficient that (w.) belongs to L(G ); that is J express that the tensor J = (F.) has absolute differential zero (which is a necessary and sufficient condition that the given connection be an AT-connection).
To interpret the conditions (5.5) and (5.6) let us introduce the absolute differential of the metric tensor, assuming the conditions (5.4). We have 
##p#
Hence the conditions (5.5) and (5.6) are equivalent to the vanishing of the absolute differential of (g..) provided we assume (5.4). We may then state THEOREM 5.1. A necessary and sufficient condition that a given linear connection on V\ be an H-connection * 2n
is that the tensors (F .) and (g..) have absolute differential
zero.
We say that a linear connection defined on a differentiable manifold furnished with a metric (g..) is euclidean if yg.. = 0. The theorem 5.1 then says that we may identify the H-connections with the euclidean AT-connections.
6. Holonomy groups of the H-connections. Let us consider an H-connection; any horizontal path constructed on E(V ) relative to the linear connection identified with the given Zn H-connection and beginning at an H-adapted basis z ends at an H-adapted basis z ! . One deduces from this that the holonomy group (3) at z of this connection is a subgroup of G . relations remain true at any point of V . Thus "V" may be Zn 2n endowed with an almost hermitian structure subordinate to an almost tangent structure. Since the tensors (g. .) and (F.) are invariant under ip they have absolute differential J z zero (3); thus the given connection may be identified with an H-connection. We may then state THEOREM 6.1. A necessary and sufficient condition that a linear connection in V"
be an H-connection of an . 2n almost hermitian structure subordinate to an almost tangent structure is that the holonomy group of the connection.be a subgroup of G .
In general, the holonomy group is independent of position only if V is connected. 2n
Suppose now that V is a differentiable manifold 2n furnished with a metric (g..). We will say that a basis z defined at a point of \f is adapted to the metric if the r 2n components of the metric tensor with respect to z are V -K 0 '
There will be such an adapted basis only if (g. .) has the proper signature. Let us be given on V a euclidean connection and let us suppose that there exists at the point x of V a basis z, adapted to the metric, such that the holonomy 2n group \\i in this connection is a subgroup of G . By assumption Vg . = 0; the metric tensor is thus invariant under dj . It ' ij z follows that \\i is a subgroup of G . Then, as in theorem 6. 1, z H we may endow V_ with an almost hermitian structure 2n subordinate to an almost tangent structure for which the metric coincides with the initial metric. The given connection can then be identified with an H-connection. We have thus proven: THEOREM 6.2. A,necessary and sufficient condition that a euclidean connection in V"
be an H-connection of an 2n almost hermitian structure subordinate to an almost tangent structure is*that the holonomy group of the connection be a subgroup of G .
